We construct the general N = 1 2 supersymmetric gauge theory coupled to massive chiral matter, and show that it is renormalisable at one loop.
Introduction
There has recently been much interest in theories defined on non-anticommutative superspace [1] - [4] . Such theories are non-hermitian and turn out to have only half the supersymmetry of the corresponding ordinary supersymmetric theory-hence the term "N = 1 2 supersymmetry". These theories are not power-counting renormalisable 1 but it has been argued [7] - [10] that they are in fact nevertheless renormalisable, in the sense that only a finite number of additional terms need to be added to the lagrangian to absorb divergences to all orders. This is primarily because although the theory contains operators of dimension five and higher, they are not accompanied by their hermitian conjugates which would be required to generate divergent diagrams. This argument does not of course guarantee that the precise form of the lagrangian will be preserved by renormalisation; nor does the N = 1 2 supersymmetry, since some terms in the lagrangian are inert under this symmetry.
Moreover, the argument also requires (in the gauged case) the assumption of gauge invariance to rule out some classes of divergent structure. In previous work we have shown that although divergent gauge non-invariant terms are generated, they can be removed by a divergent field redefinition [11] ; and that in the case of N = 1 2 supersymmetry with chiral matter [12] the joint requirements of renormalisability and N = 1 2 supersymmetry impose the choice of gauge group SU (N ) ⊗ U (1) (rather than U (N ) or SU (N )). In Ref. [12] there was no superpotential for the chiral matter. In the present work we show that in general the only superpotential terms which can be added consist of mass terms for the chiral and antichiral fields (linking the fundamental and antifundamental representations).
The action for an N = [5] [6] for other discussions of the ultra-violet properties of these theories. chiral matter (with no superpotential) is given by [12] 
where γ 1−3 are constants, and
(with a similar expression for D µφ ). Herê
with similar definitions forλ,D,F µν . We also have
We include a multiplet {φ, ψ, F } transforming according to the fundamental representation of SU (N ) ⊗ U (1) and, to ensure anomaly cancellation, a multiplet {φ,ψ,F } transforming according to its conjugate. The change C µν → −C µν for the conjugate representation is due to the fact that the anticommutation relations for the conjugate fundamental representation differ by a sign from those for the fundamental representation. We denote the group matrices of SU (N ) ⊗ U (1) by R A where our convention is that R a are the SU (N ) generators and R 0 the U (1) generator. The group matrices satisfy 
1.
We note that
where
and
Our conventions are in accord with Ref. [3] ; in particular,
Properties of C which follow from Eq. (1.6) are
It is easy to show that Eq. (1.1) is invariant under
(1.11)
The terms involving γ 1−3 are separately invariant under N = 1 2 supersymmetry and must be included to obtain a renormalisable lagrangian. In fact only the γ 1,2 terms were required in the case without a superpotential [12] ; to ensure renormalisability in the massive case we need to include the γ 3 terms and also modify γ 2 , with a corresponding change to the bare gaugino λ B (see later).
We now consider the problem of adding superpotential terms to the lagrangian Eq. (1.1). This problem is most succinctly addressed by returning to the superfield formalism whence the N = 1 2 action was originally derived. Denoting fundamental (antifundamental) chiral superfield representations as Φ ( Φ) it is simple to see that
is gauge invariant, since under a gauge transformation we have
In the N = 1 case an interaction term is possible for the group SU (3), i.e.
This construction does not, however, generalise to the N = invariant interaction terms are possible for chiral superfields in the adjoint representation; for a discussion of these see Ref. [13] .
We may express the superfields in terms of component fields as follows:
where y µ = y µ − 2iθσ µ θ. Note the modification of the θθ-term [4] .
We thus obtain
corresponding to the first line of 1.12. In fact, the most general mass term is in components
(1.14)
The coefficient of the final term in Eq. (1.14) is arbitrary since it is separately N = 1 2
invariant; the reason for our particular choice will be explained later (after Eq. (A.6) in Appendix A). This final term can also be expressed in superfields but in a more unwieldy form.
We use the standard gauge-fixing term
with its associated ghost terms. The gauge propagators for SU (N ) and U (1) are both given by
(omitting group factors) and the gaugino propagator is
where the momentum enters at the end of the propagator with the undotted index. The one-loop graphs contributing to the "standard" terms in the lagrangian (those without a C µν ) are the same as in the ordinary N = 1 case, so anomalous dimensions and gauge β-functions are as for N = 1. Since our gauge-fixing term in Eq. (1.15) does not preserve supersymmetry, the anomalous dimensions for A µ and λ are different (and moreover gaugeparameter dependent), as are those for φ and ψ. However, the gauge β-functions are of course gauge-independent. The one-loop one-particle-irreducible (1PI) graphs contributing to the new terms (those containing C) in the absence of a superpotential were given in Ref. [12] ; the new diagrams in the presence of the mass terms are depicted in Figs. 1-3.
Renormalisation of the SU (N ) ⊗ U (1) action
We found in Refs. [11] , [12] that non-linear renormalisations of λ andF were required to restore gauge-invariance and ensure renormalisability at the one-loop level; and in a subsequent paper [14] we pointed out that non-linear renormalisations of F ,F are required even in ordinary N = 1 supersymmetric gauge theory when working in the uneliminated formalism. Note that in the N = 1 2 supersymmetric case, fields and their conjugates may renormalise differently. The renormalisations of the remaining fields and couplings are linear as usual and given bȳ
In Eq. (2.1), Z 1−3 are divergent contributions, in other words we have set the renormalised couplings γ 1−3 to zero for simplicity. The other renormalisation constants start with treelevel values of 1. As we mentioned before, the renormalisation constants for the fields and for the gauge couplings g, g 0 are the same as in the ordinary N = 1 supersymmetric theory and are therefore given up to one loop by [15] :
where (using dimensional regularisation with d = 4 − ǫ) L = 1 16π 2 ǫ and 
with similar expressions for Z 2,3 . The renormalisation of λ a is given by given (to first order) by
where the ellipsis indicates the terms not involving z 4 , z 5 (which were given previously in Ref. [12] ).
The final term in Eq. (1.14) may be decomposed into four terms each of which are separately gauge and N = 1 2 invariant and hence can (and do) renormalise separately. Consequently, in order to consider the renormalisation of the theory we need to replace Eq. (1.14) by i.e. µ 1−4 = m; so that we are setting the renormalised values of µ 1−4 to be m.
The redefinitions of F andF found in Ref. [11] need to be modified in the presence of mass terms. This is easily done following the arguments of Ref. [14] ; there are no one-loop diagrams giving divergent contributions to mφF or mφF although there are counterterm contributions from m B φ B F , m BφBF . However, note that due to the afore-mentioned change in sign for theφλλF term, the result for Fig. 8 in Ref. [14] is modified to
We find
(2.10)
We now find that with 
The eliminated formalism
It is instructive and also provides a useful check to perform the calculation in the eliminated formalism. In the eliminated case Eq. (1.14) is replaced bỹ
while we simply strike out the terms involving F ,F in Eq. (1.1). In Table 1 
where c A = 1 − δ A0 . The results in Eq. (2.11) are unchanged, which is a very good check on the calculation.
Conclusions
We have constructed a set of mass terms for the N = 1 2 supersymmetric theory with chiral matter in the fundamental representation, and we have shown that the N = 1 2 supersymmetry is preserved under renormalisation at the one-loop level. However the renormalisability is assured by making a particular choice of the parameters γ 2 , γ 3 (in Eq. (1.1)) combined with a particular choice of renormalisations for the gaugino λ, parametrised by z 4 , z 5 (in Eq. (2.6) ). These choices were listed in Eq. (2.11). This seems somewhat counterintuitive as these renormalisations are all present in the massless theory and yet there appeared to be nothing in the massless theory to enforce these choices. It would be reassuring if some independent confirmation could be found for these particular values.
Presumably the necessity for the non-linear renormalisations we are compelled to make lies in our use of a non-supersymmetric gauge (the obvious choice when working in components, of course). So the answer to this puzzle might lie in a close scrutiny of the gauge-invariance Ward identities. Of course a calculation in superspace would also be illuminating. It is always tempting to investigate whether the behaviour at one loop persists to higher orders but the proliferation of diagrams in this case would almost certainly be prohibitive. Table 1 : Contributions from Fig. 1 These results add to The divergent contributions to the effective action from the graphs in Fig. 2 are of the form
where the contributions to X 2 from the individual graphs are given in Table 2 : These results add to The divergent contributions to the effective action from the graphs in Fig. 3 are of the form
where the contributions to X AB 3 from the individual graphs are given in Table 3 . The results from Table 3 add to 
(u) Fig. 3 (continued) 
